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A GEOMETRIC DERIVATION OF THE LINEAR BOLTZMANN 

EQUATION FOR A PARTICLE INTERACTING WITH A 

GAUSSIAN RANDOM FIELD 

SEBASTIEN BRETEAUX 



Pj ■ Abstract. In this article the linear Boltzniann equation is derived for a par- 

^ ■ tide interacting with a Gaussian random field, in the weak coupling limit, with 

renewal in time of the random field. The initial data can be chosen arbitrarily. 

The proof is geometric and involves coherent states and semi-classical calculus. 



1. Introduction 



In this article we derive the hnear Boltzmann equation for a particle interacting 
with a translation invariant centered Gaussian random field. The evolution of this 
particle is described by the Liouville - Von Neumann equation with a Hamilton- 
ian —A;;; + V^{x), where the potential depends on a random parameter uj. In the 
weak coupling limit, the dependence of the random potential with respect to h 

^S] ■ is V^ = vhViu, where h represents the ratio between the microscopic and macro- 

^ I scopic scales. We consider the limit ft, — > 0. In the case of a Gaussian random 

field the weak coupling limit and the low density limit agree. Through an isomor- 
phism between the Gaussian space L^(17p,P;C) associated with L-^(R'^;M) and the 

(^ • symmetric Fock space TL'^{R'^) associated with L'^{W^; C), multiplication by Vi^{x) 

corresponds to the field operator \/2^{V{x — •)) for some function V. We can thus 

f^ ■ express the Hamiltonian in the Fock space and approximate the dynamics by an 

explicitly solvable one whose solutions are coherent states. The geometric idea be- 
hind the computations is due to the fact that the initial state is the vacuum, and 
we can thus expect that for short times the system is approximately in a coher- 
. ent state whose parameter moves slightly in the phase space. This parameter in 

r> , the (infinite dimensional) phase space then gives the important information in the 

jrt ■ limit /i — > 0. The computations done with this solution allow us to recover the dual 

linear Boltzmann equation for short times for the observables. A renewal of the 
random field allows us to reach long times. 

The derivation of the linear Boltzmann equation has been studied for both classi- 
cal and quantum microscopic models. In the classical case Gallavotti [18] provided 
a derivation of the linear Boltzmann equation for Green functions in the case of 
a Lorentz gas. Later Spohn [.iT] presented a review of different classical micro- 
scopic models and of kinetic equations obtained as limits of these models, with 
emphasis on the approximate Markovian behaviour of the microscopic dynamics 
(some quantum models were also studied). Boldrighini, Bunimovich and Sinai [S] 
gave a derivation of the linear Boltzmann equation for the density of particles in 
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the case of the Lorentz model. In the quantum case, Spohn derived in [36] the 
radiative transport equation in the spatiaUy homogenous case. Later Ho, Landau 
and Wilkins studied in [2f)] the weak couphng hmit of a Fermi gas in a translation 
invariant Gaussian potential (and other random potentials) . Their proofs made use 
of combinatorics and graph techniques. Li the case of a particle interacting with a 
Gaussian random field (the setting of this article) Erdos and Yau [I i >] removed the 
small time restriction, and also generalized the initial data to WKB states, using 
methods with graph expansions. Developements of that method by Chen [11] and 
Erdos, Salmhofer and Yau [1'), 14] did not require a Gaussian form for the random 
field but still supposed an initial state of the WKB form. The linear Boltzmann 
equation was derived in the radiative transport limit by Bal, Papanicolaou and 
Ryzhik [!'>] in the quantum case, and by Poupaud and Vasseur ['A'2\ in the classical 
case using a potential stochastic in time. This assumption automatically ensures 
that there is no self-correlation in the paths of the particles and simplifies the prob- 
lem. Later Bechouche, Poupaud and Soler [(i[ used similar techniques to get a model 
for collisions at the quantum level and obtain a kind of quantum linear Boltzmann 
equation. For these stochastic methods the initial state can be arbitrary but the 
potential is almost surely bounded, which excludes Gaussian or Poissonian random 
fields. 

Remarks. Our derivation is given in the case of a Gaussian random field but other 
random fields could be considered with the same type of methods, for example a 
Poissonian random field. Note that the weak coupling and low density limit do not 
then agree. 

Our approach allows initial states to be arbitrary, contrary to WKB initial states. 

The framework of quantum field theory allows to see how geometry in phase 
space is involved. We use the viewpoint of Ammari and Nier [l[ but in a case that 
is not in the framework chosen by the authors. Indeed we are not dealing with a 
mean field limit and the introduction of a parameter e is an artifact that allows us 
to keep track of the importance of the different terms. We thus adopt a different 
viewpoint from the graph expansions or the stochastic viewpoint adopted in other 
works on the subject, and this allows us to keep track of the geometry. 

However, we cannot as of yet reach times of order 1 like in [IG, 11, 14, 15]. As 
we do not get the approximate Markovian behaviour in a satisfying way, we need 
to introduce a renewal of the random potential. Attal and Pautrat in [4] and Attal 
and Joye in [.']] deal in a more sophisticated way with interactions defined piecewise 
in time. Other Ansatze may give a better approximation of the solution to the 
initial problem and give the Markovian behaviour of the evolution. 

One of the important tools in our derivation of the linear Boltzmann equation 
is the use of a priori estimates to show that we do not lose too much mass in 
the measures during our approximations. The mass conservation and positivity 
properties of the linear Boltzmann equation then allow us to complete the proof. 

Our result holds in dimension d > 3 as dispersion inequalities for the free 
Schrodinger group provide the time integrability needed for some expressions. It 
may be possible to reach the limit case of dimension d = 2. 

Outline of the article. In Section 2, we describe the quantum model, state the 
main result and give the structure of the proof. We then recall some facts about the 
linear Boltzmann equation in Section 3. We specify the link between the Gaussian 
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random field and the symmetric Fock space in Section 4 and thus obtain a new 
expression for the dynamics. We study an approximate dynamics in Section 5. We 
use this exphcit solution to compute the measurement of an observable for short 
times in Section 6. We control the error involved in this approximation in Section 7. 
And finally, we combine these results to complete the proof in Section 8. 

2. Model and result 

2.1. The model. Let ur E flp he a random parameter and x E M.^ {d > 1) a space 
parameter. Let V^ (x) the translation invariant centered Gaussian random field 
with mean zero and covariance hG {x — x'), such that G = \V\'^ with V G S (R''; M) . 
We consider the Liouville - Von Neumann equation 

(2.1) thdtpt^^ = [Hi:;, pt^^] , i/^ - -A, + Vliix) , 

with an initial condition Pq ^ = Pq in the set of states on L^ = L^(Rf ; C) (i.e. the 
subset of the non-negative trace class operators Ci{L'^) whose trace is 1). Note 
that [A, B] denotes the commutator AB — BA of two operators. 

We now introduce the renewal of the random field. We fix a time T, an integer N 
and set Ai = T/N. For a state p on L^, let 

(2.2) gi\p) = I e-'i"'^-- pe'T.">^- dP(w) , 

(2.3) p^l = gi\p) , 

(2.4) P%.At-iS'L)''ip)- 

With tk = kAt, the dynamics is defined piecewise on the intervals [tk-i,tk] by the 
Hamiltonians Hh,u>^ = — A^; + Vh,u>h^x) with independent random fields Vh,ujki '^k 
in copies of fip. Thus we get, for an initial data po G J^\{L'^)^ that the system is in 
the state p^ ^^ at time T. 

2.2. The main result. Let & e Cg°(R2';'^). Themeasureof the observable ^'^(/la;,!)^:) 
in a state p on L^ is given by 

mh{b,p) = Tr[b^{hx,Dr,)p] , 

where the Weyl quantization (see for example Martinez's book ['M]) is defined by 

b^{hx, D^)u {x) = (271)-^^ [ e'(^-^''-«&(/i2>t2L^ ^) u[x') dx' d^ • 

Semiclassical measures (and microfocal defect measures) have been studied by, 
among others, Gerard [19, 20], Burq [10], Gerard, Markowich, Mauser and Poupaud 
[21, 22] and Lions and Paul [30]. Let us quote Theorem 2.1, which is a direct con- 
sequence of a theorem which can be found in ]10] (with (p'') replacing (|ufc)(wfc|) 
for weakly convergent sequence {uk) of L^). 

Theorem 2.1. Let {p^)he{o,ho]! ho > be a family of states on L^. There exist a 
sequence /ifc — >■ and a non-negative measure p on ^'^% such that 

V& G Ct?°(RH) , hm m,,, (6, p^") = / b dp . 

n~¥+oo jR2rf 
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The measure fi is called a semiclassical measure (or Wigner measure) associated 
with the sequence (p''*'). Let A4{p^, h E (0, ho]) be the set of such measures. If this 
set is a singleton {/i} then the family (p^) is said to be pure and associated with p,. 

By a simple sequence extraction out of the range of the parameter h, the family 
can always be assumed to be pure. For evolution problems the fact that the sequence 
extraction can be performed uniformly for all times is a property to be proved. 

We can now state the main theorem of this article. 

Theorem 2.2. Assume d>3. Let At ^ h" , N ^ N^" ::^ T/h"', a G (f , 1). 

Assume that {p'^)he(o.ho] ^^ pure and associated with jiq such that Pq{^'^ x Wi*) = 
1. 

Then (p^ At)'ie(o,/io] *■' pure and associated with px, where {pt)t solves the linear 
Boltzmann equation 

(2.5) dtpt{x, + 2i.d,pt{x, ^I'^it C) S{m' - irn (Mt(-^, e') - Mt(^, 0) dC' 

with the initial condition pt=o = f-o o-i^-d f (Ci^') — 27r|l/(^ — C')P- 

The Fourier transform on R'' is here u{£) ~ ^u{£) — Jg^ e~'^^^^u{x) dx. 

Sketch of the Proof. Let pT in M{p^ ^^,h £ {0,ho]). We denote by B{t) (resp. 
B'^{t)) the flow associated with the (resp. dual) Boltzmann equation (2.5), see 
Section 3. For any non- negative b in C^IM."^ x Wj*) we shall prove 

(1) /jjdxRd'^d/iT > liminfh^o Tr[p^^^j b^{hx, D^)] by the definition of pr, 

(2) liminf,,_,oTr[p^_^,5^(/ix,i?,)] > J^,^^,,{B^{T)b)dpo (see Remark 2.3), 

(3) /m.xk-(^^(^)^) dA'o = /k.xr- b diBiT)po) by the definition of B{T). 
From these statements, the lower bound 



/ bdpT> f b d{BiT)po) 

JRixMi" JMixRi* 



follows. Since this inequality holds for any non-negative b from the set of smooth 
functions with compact support C^ (R!^ x R^* ) , which is dense in the set of contin- 
uous functions vanishing at "infinity" C^ (R!^ x R| * ) . whose dual is the set of Radon 
measures Mb{^i x M|*), we get 

But we also have B{T)po{M.'^ x R^*) = 1 from the mass conservation property of the 
linear Boltzmann equation and pri^t x R|) < 1 from the properties of semiclassical 
measures. So, necessarily, 

/iT(M^xMf) = l, pT{Ri x{0}^)^0 

and px = B{T)pq. Hence the result. D 

Remark 2.3. Step 2 is the technical part and requires various estimates developed 
in this article. 
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Remark 2.4. Let us justify the scaling in the Weyl quantization. Physically the 
parameter h is the quotient of the microscopic scale over the macroscopic scale, 
either in time or in position. Thus if we consider an observable b{X, S) varying 
on a macroscopic scale, the corresponding observable on the microscopic scale will 
be b{hx,£^). 

The scaling of the random field according to the covariance hG{x — x') is done 
on a mesoscopic scale imposed by the kinetic regime. In microscopic variables, 
consider a particle moving among obstacles with a velocity u ex 1 and a distance of 
interaction i? ex 1. During a time T the particle sweeps a volume of order vTR'^^^ . 
In the kinetic regime it is assumed that during a long microscopic time T — t/h 
with t ex 1 the macroscopic time, the average particle encounters a number ex 1 of 
obstacles. We denote by p the density of obstacles and thus obtain p = l/vTW^^^ ex 
h. To get this density of obstacles we need the distance between two nearest 
obstacles to be of order h~-^/'^. 

Thus we consider a Schrodinger equation of the form 

that is, 

A translation invariant Gaussian random field of covariance G{x ^ x'), G = | V^P, is 
of the form V * W^ , where W^ is the spatial white noise and V describes the inter- 
action potential. In the kinetic regime the obstacles are spread at the mesoscopic 
scale h^l'^ . Only the white noise W^' is rescaled (and not V) according to 

V^e5(M'';K), \ ^p{h^l'^x)W]^{x)Ax^ f ip{x)Wu:{x)dx , 

i.e., W^{x) = hWu;{h^/'^x). Thus we get V^ = /iF * W^ih^/"^-) and G'' = hG. 

To prove Theorem 2.2 we first consider the case without the renewal of the 
stochastics, i.e., TV = 1 for short times in Sections 5, 6, 7 and then glue together 
the estimates obtained this way N times for TV "big" in Section 8. To simplify 
the problem of finding estimates for short times we approximate the equation by 
a simpler one which is solved and studied in Section 5. In Section 6, using the 
solution to the approximated equation, we carry out explicit computations which 
give rise to the different terms of the dual linear Boltzmann equation. Then we 
control the error between the solutions of the approximated equation and the exact 
equation in Section 7. All these computations are done within the framework of 
quantum field theory. This allows us 

• to use conveniently the geometric content of coherent states, 

• to keep track of the different orders of importance of the different terms by 
using the Wick quantization with a parameter e. 

We expose the correspondence between the stochastic and Fock space viewpoints 
in Section 4. 

Remark 2.5. Our initial data {p'^)he{o.ho] ^^^ assumed to belong to CJL'^ with 
Ti p^ ~ 1. We thus make estimates for states p in £^L^, with Trp = 1 with 
constants independent of p. 
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3. The linear Boltzmann equation 

Information on the linear Boltzmann equation can be found in the books of 
Dautray and Lions [12, 13] or Reed and Simon [34]. 

In Section 3 the set of values of functions is M when nothing is precised. We 
assume that a € C°°(]R^ x R^,) and ct > 0. 

3.1. Formal definition. Since all the objects we use are diagonal in |^|, the fol- 
lowing notations are convenient. 

Notation: Let < r < r' < +oo, we define the Sobolev spaces 

where Aj[r, r'] is the annulus {^ G M'', |^| G {r,r')} in the variable ^. When there 
is no ambiguity we write A^ for A^ [r, r'] . We also write L^ [r, r'] for H^ [r, r'] . 

Definition 3.1. The linear Boltzmann equation is formally the equation, with 
initial condition iJt=o ~ MOj 

where the collision operator Q is defined for b E Lp' [r, r'] by 

(3.1) Qb^Q+b-Q^b, 

with 

Q+b{x, 0= [ b{x, e) 'Jii, a s{ Id' - \e\' ) dc , 
Q.b{x,o = b{x,o [ <y{tasm'-\ef)de- 

jRp 

The dual linear Boltzmann equation with initial condition bt^Q = bo is 

dtb = -{b, Id'} + Qb = 2^.9.6 + Qb . 

Remark 3.2. For a given ^ the integrals in the collision operator only involve the 
values of o'(^, \£^\ cu) and b{x, \£,\ uj) for cu G S''""'". 

We show in Section 3.2 that the dual linear Boltzmann equation is solved by a 
group (S-^(i))tgK of operators on C^(R^ x Rf*) and in Section 3.3 that it defines 
by duality a group (i3(t))tgR of operators on A^f,(R^ x M.f*). 

3.2. Properties. We recall here the main properties of the dual linear Boltzmann 
equation. (The arguments are the same as for the linear Boltzmann equation.) 

We begin by solving the dual linear Boltzmann equation in L'^[r, r'] in the sense 
of semigroups. 

Proposition 3.3. Let < r < r' < +oo. 

The operator 

• 2^.dx generates a strongly continuous contraction semigroup on L^[r, r']. 

• Q is well defined and bounded on H"[r,r'], with 

\\Q\\c{H--[r.r']) < C'd sup ||5"cr|| ^,^2 [„,] . 
I a I < 71 

The group of space-translations {e^^^^ ^)t preserves H'^^[r^r']. 
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• 2£^.dx + Q generates a semigroup {B^{i))t>o hounded by exp(t |lQ|!£(i2u^/i)) 
since Q is bounded on L? [r, r'] . 
The strongly continuous group {B'^{t))t>o preserves 

(1) the Sobolev spaces H'^[r,r'\, for n G N, 

(2) the set of functions with compact support, 

(3) the set of infinitely differentiable functions with compact support in M^ x 
A^[r,rlC^(RixA^[r,r']), 

(4) the set of non-negative functions, for t > 0. 

Proof. The properties of generation of groups are clear. 
Point (1) is a consequence of Proposition 3.3. 
Point (2) follows from the Trotter approximation 

B'^{t)= lim (e'rJ-'^-eiQV, 

the fact that Q is "local" in (x, |^|), and that the speed of propagation of the space- 
translations is finite when ^ S A^ [r, r'] . 
Point (3) follows from (1), (2) and 

oo 

C^{Ri X A^[r,r']) - f) ^" K^'lfli/' Supp / compact} . 

ri=0 

Point (4) follows from both the Trotter approximation 
S^(t) = lim (e2^«-^^e^«+e-^0-)" 

and the fact that e^"^'^=" preserves the non-negative functions as a translation, e~'^+ 
preserves the non-negative functions for t > because (5+ does, e~~'^~ preserves 
the non-negative functions as a multiplication operator by a positive function. D 

Since C^(]R!^ x A^) C D{2^.dx) we can give the following result. 

Proposition 3.4. For all bo G C(J°(IR!^ x A^), ht — B'^{t)bo is the unique solution 
m C^(R+; L^[r, r']) nC"(E+;I?(2^.9a;)) to the Dual linear Boltzmann equation such 
that bt=o = bo- Moreover \/t S R, fet € C^(]R|^ x A^). If bo is non-negative, then 
Vt > 0, bt is non-negative. 

3.3. The linear Boltzmann equation. The continuous functions vanishing at 
infinity and the Radon measures on a locally compact, Hausdorff space X are 
denoted by 

C^iX) - {./ e C°(X) , Ve > , BiC compact s.t. V.t ^ K , \f {x)\ < e} , 

MUX) = (clixyy . 

Proposition 3.5. The semigroup {B'^{t))t>a defined onC^(R^ xM^*) extends to a 
strongly continuous group on {C^(R^ x M^*), |J-||oq) and defines by duality a (weak* 



^ *^ 11.11 ^ ^^^ ^cflooco h„, 
continuous) group B{t) on Mb{^t x Wt). 



Proof. Using a partition of the unity, fi^ (t) extends to C°° (W^ xM.f). Since B^(t)\s 
positive, we have B'^{t){\\h\\^±b) > for all b in Cg°(Mf x Kf ) and so \\B'^(t) 6||oo < 
|16|loo- The group B'^{t) thus extends continuously to C^(M^ x Rf ). D 
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Definition 3.6. The linear Boltzmann group {B{t)) is defined on A^b(K^ x R|*) 
by duality: let ^ e Mb{"^i x R^*), then, for any t e M, 

V6 e eliWi X Rf ), {B{t)^i,b) = (M,s^(t)fc) . 

3.4. A Trotter-type approximation. This Section provides a result in the spirit 
of Trotter's approximation (e^^^e^^^)^ -^ e'^+-^ useful to deal with the renewal 
of the stochasticity. 

Proposition 3.7. Let b G C(f (R^''^), T > and n e N. There are constants Cn,Q 
and CT,b such that for all N € N* 

where, for n e N, Afnip) := sup|„|<„ ||5"&||^. 

Notation 3.8. Let Qt = e*2«axQe-"?-ax ^ C{L^[r,r']), i.e. Qt = Q+,t - Q- with 



,2 J ^t = Gq (^)*o) ^0 ■ 



5' 

Let also Q-,t = Q- to have consistent notations in the sequel. 

Let Gqlt^to) be the dynamical system associated with the one parameter fam- 
ily (Qt) in C(R;£(L2[r, r'])) given by 

J dtbt ^ Qtbt 

\ bt=to = 6o e L'i^^ 

Note the relation B^{t) = GQ{t,0)e'^*^-^- = e'^^^-^^GqiO, -~t). 
For b e C^{M.i X A^[r, /]), let 

Nn[Q) = sup and AA„+i,„(s, Q - Q,) = sup \ . 

6^0 A/„5 b^os(l + 2|s|) Nn+ib 

Lemma 3.9. For any n G N, s > and b e C(f(M|^ x A^[r,r']), there exist 
constants Ci , and C2 depending on d, r and r' such that 

(1) Mn{Q) < Ci, 

(2) Mn+l,nit^Q-Qt)<C2, 

(3) AA„(e2*«-^^6)<(l + 2|t|)"AA„(6). 

Proof. The first point is clear from the integral expression of Qb. 

For the second point differentiate and estimate the integral formula for b{x — 2t^, ^)- 
b (x,^), with |a| < n, 

\d"{b{x~2t^,0-b{x,0)\< I |a"(2ea,6(a;-2se,0)|ds 

Jo 

<2\£,\t{l + 2tfNn+i{b). 
The last point results from (e^*^-^-^) {x, £,) = b{x + 2t^, ^). D 

Lemma 3.10. Let b,be C^ (M;^ x A^ [r,r']), then for all t > 0, 

e*%^GQ{t,0)b^e*Q{b-b)+ f e^'-'^Q{Q^Q,)GQ{s,0)bds 
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and we have the estimate 

Nn{e'%-GQ{t,0)h)<e'^-'^Nn{h-h) 

+ t2(l + 2i)"e*-^"'3 sup {Mn+iAs,Q-Qs)Mn+i{GQ{s,Q))}Mn+i{h). 

sG[0,t] 

Proof. The equality is clear once we have computed that both sides satisfy the 
equation 

9tAt = gAt + (Q-gOGQ(i,0)6. 
The inequality then follows from Lemma 3.9. D 



Proof of Proposition 3. 1. We fix N and forget the iV's in the notations concerning h. 
We set ht = B^ {t)b and define bf piecewise on [0,T] by setting t^ ~ ^, bt^^ = 
(ewQe*25.a.)fc^^ and, for t G [tfe,tfe+i), h = e(*-*'=)<5e(*-*'='2C.9.^j^. Let Sk = 
M„{bt^ -bt^); we get 

e^Qe^2€.94^^ _e^(2e.a.+Q)^^^ ^g^Qg^2c.a4^^ _g^(T^0^gX25.a.^^^ 

and we can then use Lemma 3.10 to obtain 

4+1 < e-^"'? (1 + 2^)" 4 + {^f (1 + 2^)" eJ^^Q 

sup Af„+l,n{s-tk,Q -Qs-tk) 

se[ifc,tfc+i] 

sup A/-„+i(GQ(s-ifc,0)e^2?.a.5^j 

se[ifc,tfc+i] 

where we introduced 

Cw,T,b = (1 + 2^)" sup A/'„+i,„(s,Q-Qs) 

se[0,T/N] 

sup sup 7V„+i(GQ(s,0)e"^'36(,_^J . 

fce{0,...,Ar-l}se[0,T/Af] 

Then we get the recursive formula 

4+1 < ei(2„+AA„Q) s^ _^ CN,T,t i^Y e^^-Q 
so that 

The only thing remaining is to observe that Cn.T.b < GT,fc, with 

CT,b := (1 + 2r)" sup AA„+i.„(s,Q-Q,,) sup AA„+i(Gq(si, 0) 6"^^%,) 

,se[o,T] Sje[o,T] 

and for a fixed T this quantity Gt,6 is finite, so that we get the result. D 

4. From stochastics to the Fock space 

4.1. The second quantization. The method of second quantization is exposed in 
the books of Berezin [7] and Bratteli and Robinson [!J], an introduction to quantum 
field theory and second quantization can be found in the book of FoUand [17]. 
The series of articles of Ginibre and Velo [23, 24, 25, 2()[ uses this framework with 
a small parameter to handle classical or mean field limits by extending the Hepp 
method [28]. We use the notation and framework of articles of Ammari and Nier [1, 
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2] to handle the second quantization with a small parameter. For the convenience 
of the reader we expose briefly this framework. 

Most of the operators on the Fock space in this article arise as Wick quantizations 
of polynomials. 

Definition 4.1. Let {H, {■,■)) be a complex separable Hilbert space (the scalar 
product is C-antilinear with respect to the left variable). The symmetric tensor 
product is denoted by V. The polynomials with variable in H are the finite linear 
combinations of monomials Q : "H — > C of the form 

Q(z) = (z^^Qz^P) 

where p, g e N, Q e £('H^p, "H^^) and (•, •) denotes the scalar product on "H^?. The 
set of such polynomials is denoted by V{H). 
The symmetric Fock space associated to H is 

oo 

rH = 0r„H 

n=0 

with TnT-L = H^" the Hilbert completed n-th symmetric power of "H and the sum 
is completed, the set of finite particle vectors TpT-L is defined as the Fock space but 
with an algebraic sum. 

Let £ > 0. The Wick quantization of a polynomial is defined as the linear 
combination of the Wick quantizations of its monomials, and for a monomial Q 
we define Q^"^'^ : T pT-L -^ TpH as the linear operator which vanishes on "H^" for 
n < p and for n > 



Q^^^1«v„+. = V("+rt;("+'?)' ^4^ (Qvid«v„) G £(H^"+^H^"+') . 

The field operator $e(/) (/ G H) is the closure of the essentially self-adjoint op- 
erator ((z,/) + (/,z))^'='^/V2. Using the Weyl operator W{f) = exp(i$^(/)) the 
coherent state E{f) = W{^f) fl can be defined, where il ^ {1,0,0, ...) e TH is 
the empty state. The Weyl operators satisfy the relation 

W{f) W{g) = e~¥'^<^'9> Wif + g) . 
The second quantization dF^ {A) of a self-adjoint operator A on H is 

dFe(A)|^ ^ ^^^_alg = e {A®ldH® ■ ■ ■ ®IAh + ■ ■ ■ +I^Ih® ■ ■ ■ ®IAh® A) 

and for a unitary U on %, the unitary operator F(C/) on VH is defined by 

and thus F(e'*^) = exp (f dT^{A)). 

4.2. Tiie expression of the dynamic in the Fock space. The relation between 
Gaussian random processes and the Fock space is treated in the books of Simon [.35] 
and Glimm and Jaffe [27], we recall a theorem about this relation. 

Theorem 4.2. Let V^{x) he the centered, translation invariant, gaussian random 
field with covariance hG{x — y) such that G = \V\'^ for some V € 5(M'';R). The 
symmetric Fock space T L'^ (M.'^ ; C) is unitarily equivalent to L'^{ilp,F;C) under a 
unitary D : VHc — > L^(r2p, P; C) such that 

• Dfl^l, 
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• D V2h^i{TxV) D^^ ~ V''(x), with V''(x) seen as a multiplication operator 

on L^{np,¥;C). 

For Hilbert spaces H and H' , Tr-^/ [A] denotes the partial trace of an operator A £ 
Ci{H ® -H'), Ti^[Tt^'[A]B] = Ti-H(^^,[A{B (g> 1^)1 VS € on H ® W . 



Proposition 4.3. Let Hh = -A^ + v2/i$i(ra,F), with Txf{y) = f{y - x) for x € 

M.'^ and f e Ll. Then 
'' y 

Proof. In the stochastic presentation we can express the integral in oj in the defini- 
tion of Q^ as a partial trace 

g^{p) = f e-'i"'^- pl{oj)l{u})e'T^">^''-' dP(a;) . 



= Tr 



L2(np 



e"'^^'--dP(cj)p®|l)(l| / e*^^".-' dP(cj') 



Using the isomorphism U := Idi2 ® D : L^.® TLl -^ Li® L^(Op, P) we get 



y 

^ — i-irHh.oj Am/, .\ II „ — i-irHh 



U* e"*— ^'--dP(w)Z^ = e-'— ^% and U* p®\l) {l\U ^ p®\n) {n\ 



with Hh ;= U* (/ Hh,^ dP(w)) U = -A^^ + V2h<^i{T^V). Hence the resuh. D 

4.3. Existence of the dynamic. We show that the dynamic of the system is well 
defined. Since we work with a fixed /i > the value of h is here irrelevant and we 
set ft, = 1 in this section to clarify our exposition. We write for short 

• — Aj; for the operator — A^; ® Idpis , 

• N for the operator Id^2 ® N with N = dri(Idi2) the number operator 
on ri/^ and 

• $i(t.F) the operator on L'^{W^]TLl) ~ L'^{W^) ® TLl defined hy u ^ 
$i(r.X^)uwith [^i{t.V)u]{x) := [^i{t^V)][u{x)]. 

Proposition 4.4. IfV belongs to the Sobolev space H'^{M.'^), then 

F = -A, + V2$i(T.y), 

is essentially self-adjoint on D' :=C^(R.'^) ®'^^^TpL'^ and its closure is essentially 
self-adjoint on any other core for iV' = Id — Aj; + N . 

Proof. We still denote by N' the closure of the essentially self-adjoint operator N' 
defined on D' . Then D' is a core for this operator. We remark that N' > L on D' 
and thus also on D {N') as D' is a core for N' . 

We verify the two estimates needed for Nelson's commutator theorem (see the 
book of Reed and Simon [■'>'■'>]). Let u £ D' , then 



Li(g,rLi 



llffwIL^^rLj < |hA,u||^2^p^2 + 2 ||F|j^2 VN + lu 

In the sense of quadratic forms 

= \/2$(T.Vy).Va; + \/2$(T.Ay) + ia*{T.V) - a{T.V)) 
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SO that \{Hu,N'u) - {N'u,Hu)\ < 6||F||h2||A^'^/^m|P which achieves the proof. D 

4.4. The scaling for field operators. The e parameter is an intermediate scale 
which allows to easily identify the graduation in Wick powers. We set Ad{A}[i?] = 
ABA-\ Let {D,f) {y) = e-'^/^/ (|) and 

Hh.e = Ad {Idi2 (g, TD,} [Hh] = -A, ® /r„ + V2h'S>{e-^/^V{x - f )) . 

5. An APPROXIMATED EQUATION AND ITS SOLUTION 

5.1. Space translation in the fields and Fourier transform. 

Notation 5.1. For an object X = {Xi, . . . ,Xd) with d components, like S, € K'^, 
D, = (d^,,. . . ,a,J or dT,{Dy), let X-^ -.^ Xf + ■ ■ ■ + X^ . 

We want to work with a field operator with no dependence in x. Then we recall 
that the translation t^ of x can be written as e'^-^" and thus 

r(e'^^-^«) Hh,eT{e-''^-''y) - {dT,{Dy) - D^)-^ + V2<^,{e-'"^^V (-f )) 

where we use the e-dependent operator dP^. A conjugation by the Fourier trans- 
form in both the particle and the field variables yields a new expression for the 
Hamiltonian, and an approximated version 

Hh^, = e - dre(2e?7) + dr,(j7)-2 + V2^,{fh,e) , 
<J = e' + dr, {en^ - 2^.7/) + V2$, (/,,,) , 
with h,e{v) = e^'^'^Vi^srj), i.e. Hn,e = Q)fr' and ^tj = QlPP.w^cU ^.^^^ 
QhAz) = e' + (^, {eif - 2^.77)2) + {z, vz)-^ + 25R(z, hA , 
QZei^) = e' + (^, {^^ - 2tv)z) + 25R(z, h.,) . 

Note that in the approximated Hamiltonian we neglect the quartic part {z,riz)''^. 
The evolution associated with the approximated Hamiltonian is explicitely solvable. 

Definition 5.2. For p £ £1 {Ll), let 

p, =Ad{e-'7ff'>..}[p0|f7)(f7|] , p1^^ = Ad{e-'i"^^"")[p®\n){n\] , 

Pt=Ad{e-'i"'^-^}[p®\n){n\] , p'^PP^Ad{e-'i"Z'}[p<i^\n)(n\] , 

pl=TrrLl[Pt]. pr^'^TrrLlipr]- 

This definition is consistent with the previous one given for p.^ as p.^ — p%. and 

h 

the dilatation acts only in the Fock space part of L^ (E) ^Ly. 

5.2. The solution of the approximated equation. 
Proposition 5.3. For i/jq £ L^, let 

(5.1) ■^h,e,t^e~''i"'^''n®4>o and ^^^^f , = e-' = ^"'r! ® ^0 , 

(5.2) zn,e,t = -t f e-'i^''^-'-'^-'^^h,e ds 

Jo 

(5.3) Uh,e.t^te+ f ^{z,Jh.e)ds. 

Jo 

Then 
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(2) There is a constant Ccd depending on G and the dimension d such that 

'I "^ 

(3) Let Tq > 0. There is a constant CTo,G,d such that for — < Tq, 

\\i',,,t-KZt\\<CT,Mf/^Y- 



(4) For both ¥,^^ J = ifh,„t and ¥^ ^ , = * 



app 

e.t ^ h^e.t 



First we get rid of the quadratic part dF^. Let 



• #^^,,, = e'7«-e«|dr.(sr,--2C.„)^^^^^^ ^^^ ^app^ ^ g,ie-e^|dra.r,--2C..,)^^pp 






• Zh,e,t = -i Jq fh,E,sds, 

• '^h,s,t = /o '^{Zh,e,s, fh,e,s) ds. 

It is then enough to prove the results with the objects with a ~ sign. 
Lemma 5.4. Then "^t (resp. $°^^J is solution of the equation 

ied,ku,,.t = Qlr^'^K.e.t (resp. ledt^'^'^l, = QlT'^'^'kZt ) 
with initial condition 0.®%!;^, Qh,e,t{z) — 2^{z, fh,e,t) + {z,rjz)' (resp. Q'^^ ^{z) = 

2^{z,h,e,t))- 

The function Zh,^^t is the solution of idtZh,e,t = dgQlf^^Azh,s,t) = fh,e,t, with 
initial condition Zh.e.Q = 

Proof. Indeed 



And we can proceed analogously with vp^^P. D 

Proof of Proposition 5.3. Point (1) follows from applying iedt to the right hand 
side: 

= (^^,u-^e'j^^~zu-^ft)+^e^^,{~^ft))e-^^W{^~zt)n<E>i.o 
since ^{ip,[W{z + tu)-W{z)]4>) > ((^, [-f 9(z, w) + 4$e(ii)]W^(z)V'). 
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For Point (2) we compute 



" Jo Jo Jr^ 

Note that the internal integral is uniformly bounded by CqE'^'^-. The change of 
variable r/ = £?/ — ^ gives 



as hA^^) = e'^'^^^IVi-er,) and f G(£77) e"^ = \fh,e{v)?- For s ^ s' 
The bound 



\T1 



-ZKe,t.<Co\e--^ r ^min{(^)'^/^l}d.d,s' 
'' Jo Jo 

< Cg^s-''- y^"/^ f j^^^ + 2V2tS] 

J\s-s'\>25,s,s'e[0,t] ^^ "' 

is optimal when S = e. 

For Point (3), let AQt (z) = {z,r]z)' . First we remark that 

aI,,,., = -- re-^'3":r'^AQ^-4;,^f,d.. 
^ Jo 

Since iedtAi>t = g^''='= A*t + AQ^''^'^*"^^ and that the integral expression on the 

right satisfies the same differential equation. The difference A^/h,,e,t can then be 
controlled as 

W^^h.e.tW <- f ||AO^'-'^-S(i;,.,,,)||d,S. 

^ Jo 
The relation {E{z),R^'"'''E{z)) = R{z) with R^'"'' = (AQ^''='=)*AQ^*^'= gives 

Symb'^*^^-([((^''?^>-')'^"l') 

= ((z, r^zy^f + 4e((z, r;z).(r;z|)(|r7z).(z, ryz)) + 2e2((^^|-«2)(|^^^.«2) ^ 

using the estimate in Point (2), we obtain that 

II AQ^-^- E{~zn,e.,)f < CToMif)' + 4£ (f )' f + 2e'(^)') 
which gives the result for — < Tq. 

For Point (4), let jt = ||(£ + iVe)^/^*?!!, then 
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with fh^e ~ \ js'^^'^yi.S'n)^ since ^ and ATs{ri) commute with N^ ~ dVi^^Id). We get 

[ae(A,s), dre(l)] = ids [Tie^n aeilKe) T{e-^n] L.p = ^e{efKe) ■ 

The other term of the commutator can be computed analogously (but ac,{-) is C- 
antilinear whereas a*(-) is C-linear). Introducing this relation into the differential 
equation and taking the modulus, we get 

\iedt{i^ < ^^\\H\\ {\\ae{efKe)^\\ + \\al{eh,e)H\\) ■ 
But 

\\al{eh,,)nf <\\ehA\ll{H,{e + N,M) 

and the same estimate holds for annihilation operators. Using HGUli = ■|||//i.£|||2, 
we finally get a differential inequality for the function 74 

2e-itdat < \isdt (7')! < \/2eh\\G\\Lnt ■ 
The result follows by dividing by 2s"ft a-i^d integrating in time, since 70 = Cd\/s. D 

6. Measure of an observable at a mesoscopic scale for the 
approximated dynamics 

6.1. Result. In this section we make the connection between the microscopic dy- 
namic and the linear Boltzmann equation. 

Proposition 6.1. Let a e [0, 1) and assume h°' < ^ <1. LetbeC^{Rix Rf ) 
and p G C{Lil., Trp < 1 such that the kernel of p = Ad{J-x}[p\ has a bounded 
support. Introduce the symbol bt = 6**^6^*^ °= 6 where Q is the collision operator 
introduced in Equation 3.1 with here a{^,C) = 27rG'(C' ~ = 27r|F(^ - f )p. The 
inequality 

m.;i(6,pt'°^^) > mh(bM,p) - £q 

then holds with £q = Cf,,^f (f + h+ [h{!f)-^Y^^~^ + /i^('^.")) for some con- 
stant Cb,^ > and fi{d,a) > 0. 

Remark 6.2. This result also holds with b a symbol in C^(R.i*; C). The proof is the 
same as for Proposition 6.1, with the symplectic Fourier transform T'^ replaced by 
the usual Fourier transform. The special case when b{£,) = 6i(|^p) is of particular 
interest and the symbol bt in the previous statement does not depend on t. 

Proposition 6.1 is a by-product of the following stronger result. 

Proposition 6.3. Let b^ e C^(M;C^(K^^j)) such that for some R > 1, and for 
all s, Suppj 6s C Br \ Bji-i . Let p G C'^L'^., Tr p < 1 such that the kernel of p = 
Ad{Tx\[p\ has a bounded support. Then 

mh{bM,Pi'°''^^) 

>mhib,p)-^ / mh{iedsbs-ih{bs,C^} + ihQ_Mbs,pT^^)ds-£Q. 
Jo 

Remark 6.4. The conservation of the support in ^ is important and is provided 
by the properties of the dual linear Boltzmann equation in the application of this 
proposition. 
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Proof that Proposition 6.3 implies Proposition 6.1. Since one can make mistakes 
between the notations of those two propositions we use notations with tildes, b 
for Proposition 6.1 and without tildes for Proposition 6.3. Thus we want 

b = but 1 ^M = b ■ 

Denote by G{t,tQ) the dynamical system associated with {~2£^.dx — Q-t)t given by 

< , , , Of = G[t,to)bo. 

I Ot=to = Oo 

To have a vanishing term for b in the integral we require fo^t/j = G(— , 0)6, so that 
with 6/it/e = G(0, —^)b, we will get the expected result. The only thing remaining 
toproveis G(0, — i) = e'^^e^*^-^^ . It is equivalent to show that e^'^'^^G (t, 0) =6^**3^ 
which is clear by derivation and using that Qt = e*^^'^==(5e~*^^'^==. D 

6.2. Expression of the measure of an observable for the approximated 
equation. We carry out an explicit computation using only the approximated 
equation. 

Notation 6.5. Let a{Xi,X2) — ii.X2 — x\.^2 {Xj — {xj,^j) € M^"^^) be the standard 
symplectic form on K^'f . 

Let X' = {x',0 <= ^x%' ^^^ Weyl operators on L^ are defined by 

their Fourier transform is denoted by fp := AdjJ^i;} [r'p]. Note that the formula 

^Xi^Xa — '^ ^Xi+X-2 — e ^X2^Xi 

holds. 

The symplectic Fourier transform J"'^ on ^^(kM .j^^ jg^ withdX = dX/(27r)'*, 

F''b{X)=^ [ e-"'^^'^'h{X')dX' . 

Note that (J''^)-i = J"'". 

Proposition 6.6. Let b be a symbol in C^(E^'i) and p e CiL^., Trp < 1, then 

mn{b,pr^^) = /7/"j--6(P)Xp(ei,6)r^(e2,ei)deide2dP 



, r^ />. ^ N „- '^h,e,t~"h.E,t . , ^ _J_('u£l |24_|_52 |2i2/z'i2 „ipxerj «1 \ "j 

Let 5t e Ci(R;Cg°(R2rf^)), i/ien 

iedtmh{bt,pl'"'^'^) = inh{iedtbt, pl'''^'') + ih {m^^j - m_ + ?7i+) . 
where, for k = {,},—, + we define 

m^= f J^"b{P) Tr [p^PP r(e^P-^'') Mc.p] SP 
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with the operators s^^^p defined by their kernels, for j = 1,2, by 



.1) 



^{.}.p = ^{,}.p - ^{.},p ' */i<},p(a,6) - f^(6,a)ftwf 



(6.2) ^_,p = =e/_\p + ^_2 p ^ */i=e/i_p(a,6)=T^(6,a)*a4i4^f , 

(6.3) ihs/+,p{^i,£^2)^T'^{S.2Xi)idt[>p,Px\2 , 

The indexes {, }, — and + are chosen to recah the terms of the Unear Boltzmann 
equation, {, } corresponding to {^^, •}, + to Q+ and — to Q_. 

Remark 6.7. Each of those terms m,^ is shown in the sequel to be of the form 
TO^ = m{ci^, pl'""^^) + Ak; where A^ denotes a "smaU" error term. 

Proof. Since h^{hx, D^) ^ J F^hiP) r^ dP, we have for p (^ C^f 

ruhib, p) = I F^b{P) Ty[t'^ p] dP . 

From e'^^-'^ Tp e"'^^-*' = g«e^Px ^-^ ^j^j taking A as the spectral parameter oidTi,{Dy), 
Y[e^^^-^^) TpV{e~''-^'^-^^) = T{e^P^'^^v)Tp and after conjugating with the Fourier 
transforms, we obtain 

Ad {(J-. ® r:Fy) r(e'-'^^'')} [4] = r(e''p--'") f^ . 

Thus, by translating and Fourier transforming we get the expression 

ruhib, pt'"'''') = /'^'^6(P)Tr[p^PPr(e'P--''')f]^]dP. 

It then remains to compute the kernel Kp of the operator Trp^a [p°^^r(e'P"='^'')] 
on q. Using p(^\n){n\=Jl /® /5(ei, 6) 1^) (^1 d^i d6 we get " 

Tr rp"P^r(e'P--^'')l 



= Tr 



and we obtain the kernel 



/ / |£;(z«^)>(iJ(zf)|e-^^e^^p(a,6)d6d6r(e^P-^'') 



^p(6,6) = e"'^^^^p(ei,6)(i?(4')|r(e»P--') |i?(z^)) 

which brings the expected expression using the calculus on coherent states. 
For the formula for the derivative 



iedtmh{b,pY'^^) - jjj [F"iedtb{P) 

^p(a,6)T^(6,ei)dad6dP 
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; : ' : 



and so it suffices to observe that for k = {,} 

which is the expected result. D 

6.3. Two estimates. We need estimates to get rid of the term r(e*P="'^'') and 
control errors on the operators Ap. 

Proposition 6.8. Let £/p be a P-dependent family of operators in C(LT). Then 
there exists a constant Ccd such that 



{P)-^ I Tr [pr (rle^P--") - Id) s^p] I < Cca'f sup (P)-'=|Kp||^(i.) 



and 



f T^biP) Tr [p^PP {rie'P--'") - Id) .s/p] dP 



< Ccdf II (•)'^"HLi sup(F)-^||^p|L.^,^ . 

This can be proved in two steps. 

Remark 6.9. It suffices to prove this property with p ~ lip) {ipl with a ip with 
bounded support as any p € CjL^, Tr p = 1 the decomposition p = X]7>o ^j IV'j) (V'j I 
holds with positive Aj's and ^j Xj = 1, and 

Suppp(^,e') C Bli ^ Vj, SuppV-j C Bm . 
Proof. For ^f be a normed vector in L^ (E) TL^ 

|Tr[|^)(*|(r(e*P-^'')-Id)^p]| < || (r(e^P-^'') - Id)^|| IKpH^j^.). 
For ^ = '^tfet associated with V', the calculus on coherent states gives 
II {Tie^P^-^) - Id)^;:^f,f = sup \\Eie^P^-^zi^^,) - Eizl^^,)\\' 

= sup2(l - cos (i5(e'^-^''zle.*. 4,e,))) < CIAt? ' 

where the inequality follows form |1 — cost| < f^/2 and the estimates on \\zt\\. We 
then get the second result by an integration. D 

Proposition 6.10. Let Sp be a P-dependent family of operators in C{L'f) and p 
be a state on L? ® FL^ . Then for any integer k (with possibly infinite quantities) 



f J-"6(P)|Tr[p^p]|dP <||(y^^-6|| sup||(P)-'^'^p| 



C{Ll) 
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6.4. The transport term m^y. The result of this section is the following. 

Proposition 6.11. Let p e C^Ll, Tr p <l andbe Cjf (M^'l'j) such that Supp p{^,C) C 
B^ , and Supp^ 6 C Bji for some R > then 

m{j=m(-{6,e'},i))+A{,} 

TOi/i |A{j| < CG,fl,h (f + /i + (f )^/2). 

Remark 6.12. We can introduce a cutoff function Xfl G C5"(Mt) such that xr{Br) = 
{1}, XR{^ \ Br+i) = {0} and XRi^l) C [0, 1]. 

Proposition 6.11 is proved by doing a succession of approximations. The error 
terms A{ j j, j = 1,2,3 are given by the approximation process (where we write 
shortly 6^ for b^{-hD^,^)) 



,} = / T^KP) Tr [pr rCe^^-^") 1^ [f^Xi^^tC^x] 



priK[b'^^XBd,cux]]dP + A^^},, 



dP 



Tr 



^'^{-{b,e})iP)Tr p^r'^ d^ + ELA{.},, 



= m{-{b,C'},t)+j:U^{.},- 

where we used that j2/t\p = Jhi'^p j 9tujx] and where the quantities A{ j.j are 
defined by 



A{,},i = / T^b{P) Tr [pr ine^^^-^) - Id) ^ [f]^ , x«a,c^x] 



dP, 



A{,},2 - Tr 



Pri7r([^:Xfl9,a.x]-|{6,x«e'r) 



dP, 



A(,},3= /-F-(-{fo,e'})(^)Tr pr(ld-r(e'^P--'))TJi 



dP. 



Proposition 6.13. With the hypotheses and notations of Proposition 6.11, for 
some integer k, 

(1) |A{,}^i| < 2f II {■)' J--6L^ 0{l + h+ [h{!f)-^r/^-^), 

(2) |A{,}^2|<(||-^^fc|L^ + ||(-)'-F'^fc||L^)0(/i+(f)^-i), 

(3) |A{,},3|<f||-Fn6,enilL- 

Proof of Proposition 6.13. Point 1 is a result of Proposition 6.8 and Lemma 6.14. 
For Point 2 

1 /r.. „ n h 



w 



dP 



JjjM L l/l \ i 

so that Lemma 6.14 and Proposition 6.10 give the estimation. 
Point 3 is an application of Proposition 6.8. 

Lemma 6.14. We have, for some integer k, 

and in particular '\\Tp,XRdtUJ'^\\\ r( r2\ < (^) C'(/i). 



D 
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Proof of Lemma 6.I4. First observe that the time derivative of uj is given by 
dtu;H,e.t=e+^zi^^,fh,,)=C'-h^ f 7 e-(''"-2«-'')G(,y)d7?ds 

' ■ Jo JM^ 

once we replace fh.e by its expression in terms of V, use G = \V\'^ and make a 
change of variable. By setting 

i?(u,e):=Xi?(OS lim / / e*"(" '-'«") G(r/) dr^ds 

we get XR^t^ = XniOC^ ~ hR{0,^) + hR{^,^). The part in ^-^ gives the only 
relevant contribution 

One of the other parts can be estimated without using the commutator structure 

since 

I e^'^''-^*-") 6(77) d77 = e-'"'**' /" G(a;) e'^-^ (^)''/^e*'^'''s"^5e5^ d:c 

whose modulus is bounded by (ra")''^^ 11^11^1. 

Since -R(0, •) is in C5^(]R^) we can apply the symbolic calculus 

[T'^P,hR% X] = -*/i2{e-(^'^) , i?(0, e)}^(-/^Z?^, + Oih^P)"^)) 
where for some integer fc, 

||{e-(^-^),i?(0,e)xr(-/iD5,0||^(^p - (P)''^0/.^o(l), 
which concludes the proof of the lemma. D 

6.5. The collision terms m and to+. 

Proposition 6.15. Let b e C^{M.i x Rf) and p e C+Ll, Trp < 1 such that for 
some R> 0, Supp^ 5 C Bn — Bi/n and Supp/5(^,^') C B\. Then 

m± =m(Q±,t(fe),t) + A± 

and for any a e [0,1), there are constants p, = jj,{d,a) > and CR^b.G.d,a.fi > 0, 
such that for h" < -^ < 1, 

\^±\ < CR,b.G.f,{f + hf^) . 

Notation For C > 0, r e M and P eRl'^ „ , set, with K?(r) = i-r^, 
ciO=2n f G{7^ + 0S{rf-e)dri, 



c'^(0-27r/ G{v)^Hv^-2tv)dv, 
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Associate with these functions the operators defined for b G C^{M.'^ x Mf*) by 
Q1(&)-c«&, Q-{b)^cb, 

Proposition 6.16. For d > 3, and h" < !f < 1, 

4 

m± ^m{Q±,t{b),t)+J2^±.k 
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fc=l 



with 



. |A±,i|<fQmax{||G|Ui,||G||ii}!|.F-fe||^^, 
• |A±.3| < CA4(d)(6)Cd,G,c,7 V7 e (0,1), 

/or some :^, /3 > with C, ^ h^ . 

This result will be proved in the next paragraphs by considering successively all 
the error terms. These error terms A±j. j — 1, ... ,4 are given by the following 
approximation process (where we write shortly B^ for B^ {—HD^^S,)) 

m± = I T"b{P) Tr [p;*"" ^±.p]dP + A±,i 

= JF'^biP) Tr [pr (ci,pe-(^'-))^]dP + E .LiAi,, 
= l^^{Q±,Mb)iP) Tr [pr f;^]dP + E■=lA±., 
= ■m{Q^M_b, t) + Ei=i A±,i ■ 
The error terms A±j- are thus given by 

(6.4) A±,i = j F'^b (P) Tr [p^PP (r(e'P==-'") - Id) ^±,p] dP , 

(6.5) A±,2 = fT^biP)TT \p7''{^±,p - (ci,pe"^(^'-^)'^)ldP, 



pr(QiM&-Q±M 



, w 



(6.6) A±,3 = Tr 

(6.7) A±,4 = /" J"''(Q±.M&)(P) Tr I p^P^ (Id -r(e*P-"^''))f^ I dP, 
since f^ = (e-(^'-))'^, 

{Qi^bf'^f .F^5(P)(cipe-(^'))%P, 
and the same relation holds without C and 

/ J^'iQi Mb){P) Tr [p;fP^r(e'P-'^'')f^]dP = m(Q± M^t) ■ 
J p ' ' 

The term A±_4 can be estimated right away using Proposition 6.8. 
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6.5.1. Computation of the operators s^±^p. We recall that the operators ^±,p are 
defined by their kernels in Equations (6.1), (6.2). (6.3). 



s^l,P= I f fj^o5R(e'''('''^2e'7))x G(7y)dsd?7, 



Proposition 6.17. The operators -bZ-j can be expressed as 

ft/e 

■s/:^,P= f f 3?(e'''('''^2«"))x of]iG(r/)dsd77. 
The operator £/+.p can be decomposed as s^+.p — £/^ p + jz/j^ p with 

^Ip= f [ e-"^(^^(2^"'"))f^oe-'^(""-2?.'))G(r;)d7?ds, 
^Ip= f' f e-*'^(^-(2^'''''))e'-^(''"-2e.)of^G(77)d77ds. 

Jo JRi 



Proof. Computing the time derivative of ■k\zh^e.t\'^ brings 

dt^\zh,e,t\^ = hn f [ 'e*^(''"-24,-^)G(77)dsd7,. 
jRi Jo 



From the definition of j2/_ j-.p in terms of their kernel, we get 

ih^/l^P ^ iT^ o {dt\\z\f) , ihsi'^p = %{dt\\z\f) o tI , 

hence the result for £/l. 

The time derivative of [ip,Px]2 is 

dtiv^P^h^ hff %*P-"'e'<"'-2«i"')e-'7('''-2«2.'))dsG(,,)d7y 

JwL^ Jo 

+ h / e'P=="'e'M''"'~^«i-'')e-'-<'''-2e2.'?)dsG(,y)d7^. 
Js.^ Jo 

We now focus on the first term (analogous computations give the second term). 
The definition of ^+,p in terms of their kernel gives then 

£/Ip^ f f e'P--''e-'M"'-2«-r;)o^^og»K" '-2?.';) (5(^)^77 ds, 
Jo Jr^ 

The relation e^'"^'' o fp = e~'^'^~P(^fp o e^'"?'' brings the result up to a change of 
variable. D 

Thus we get six different terms (four for the ^_ terms due to the real parts and 
two for the J2/+ terms) with a very similar structure. In order to avoid repeating 
analogous calculations several times we introduce the following notations. 
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Notation 6.18. Set (by writing shortly B^ for B^{~hD^,£,)) 

(6.8) j2/^(s)= f G(ry)e''i''^fj^oe-^2^-'('''-2?.'))dr,^ 

(6.9) ^i(s) = £ G{v) e>^^'' rl^-,,2s^,,,) e"''^-''-^ d^y , 

.w dry 



(6.11) s^^{s) = / G(r/) e^i'^e^="('''-2«-')) o f]i dr/ , 



(6.12) -^'^{8)= G(r;)e^--f(';^+^^2,,.p^)e''-^''- dry 

(6.13) "^fi^^l G'(r,)(.'^i-.-(^')^'^ ^ 



C^^ e 



with a = a i^P, {—2h-rj, ~v))- The terms //i, /i2 are chosen to adapt to the cases of 
the terms m±. More precisely, for j = 1, 2, the previous quantities become 

ft/' /•*/£ 

£/l = (^5';i(s) +^5'_i(s))ds and -2/+=/ 'e//.i(«)ds- 



We first show that the operators "^^S are good approximations of the opera- 
tors si/p = Jq si/p{s)ds if the parameter ( is well chosen. We use the opera- 

'0 



tors L " £§p{s) ds as an intermediate step. Then we study the limit of the opera- 



tors "^S , with a distinction between the cases ?Ti_ and m^ . 

6.5.2. Estimate of the error terms Aj- 1. 
Proposition 6.19. For d > 3, 

|A±a| < f Crfmax{!lGiU.,|lG|Ui}|lJ-'^6|l^^ . 

Proof. The term A±^i was defined in Equation (6.4). This inequality follows from 
Propositions 6.8 and 6.20 below since s i-> min{l, s~'^^^} is integrable on M+ for d > 
3. D 

Proposition 6.20. The families of operators £/{s) = ■^p{s) satisfy 
IKWIl£(Lp<Cdmax{j|G|Ui,||G||ii}min{l,s-^/2}. 

Proof. A uniform estimate of Equations (6.8) and (6.11) yields |i-!2^i(s)|i£(L2-) < 

Gd||G||ii . In order to obtain the part of the estimate with the dependence in s, we 
use the formula 

K'(^)||£(L^) =SUp{|(V',=0^'(s)¥')| , 11^11^2 = ll^ll^. = 1} . 
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We can then compute, for -0, (^s <E i?, 
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{Giv)Tlpi,iO,e 



Hiicr -ii^isiiy"^ -2i.7ii) 



V'(0)„d^ 



{'^e,^ii,e)ide/{2^Y, 



where we defined, for 6' G RJ?, 



^ieri^fj,iia^-fj.2isiri- -25.17) 



¥'(e)d77, ^e= I e"'''G(77)f!!p^(e)d7y. 



We first compute 

where we used the formula J e~'^''e~'"' dry = (|-) e^^ /'*" with a = ii2is and a: = 
- {e + fi2'2s^ + fii {2hsp^ - Px)) and so ||(y3;r,e||L-(E^;L2) < (f) H'^IL^. We now 






observe that 



g*e„ (5^^) ^/.^ ^^ 



<(27rri|G|L. 



D 



SO that \\M\mMi,Ll) < C'd I|G|Ili ||V'|Il2. And finally 

and we obtain the desired result ||j2^/;(s)||£(l2-, < Cd !|G||^i s^''/ 

6.5.3. Estimate of the error terms A±.2. 

Proposition 6.21. Let a e (0,1]. There are constants /3 ~ /3{d,a) G (0,1), u = 
v{d,a) e (0,1) and C = C{a,(i,v,d,G) > such that, for /i" < -^ < 1, and ( = 

In order to prove this result we use Proposition 6.10 and thus control 

rt/e 

s/(s) d.s - -^^"^ 

C(Ll) 

We first give an abstract result and then show that our cases fit within this frame- 
work. 



Proposition 6.22. For M , t, e such that 1 < M < -. Suppose given (s^{s))s>o, 
{3^{s))s>Q and ('^'')o<^<i three families of operators in C{L^) (also dependent on h 
and P = (px,p{)) such that for some constants C^/, C^,^, Csg.;^, independent 
ofh,e,t,P,M,C, 

(1) K(s)||^(i2)<C^min{l,s-'^/2}, 

(2) K(s) - ^(5)11^(^2) < C^Ms \Pi\, 
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(3) f(;,A/(a;,C) ■= Symb "^^ (/p ^{s)e ^* ds — '^^) satisfies for some k 



k{d) e N, 



sup \m,^n,M\\L- < C^x (P)' {f)'e-'^'^ 



\a\<k 

Then, for CM > 1, 

(1) ||/^*/^^(.)d,s||^(^.)<^C^, 

(2) ||/„*/^^(s)d.-/;V(s)ds||^(^p < ^C^Mi-f 

(3) /or d>3, 



M 



s)(l-e"'^')ds 



CiLV) 



<5CX 



1/2 



(4) ll/„" (^(5)-^(s))e-^M.|U(,..) < IC^^^hCMl 

(5) /or some integer k = k{d), 

.^{s)e-i^ds~'^^ ^ <C,.k'C,j,^{P)'{f)''e-'^''. 

(6) Let !f > h'^, C = hf^ with /3 e (0, i) and f3 + a < 1, and v = 1^(0:, /3) < 
niin{(l - a)/2, /3/2, 1 - 2/3}, loe /ia?;e 



fs) As 



with C = C(i/, a, /?, Ci/, Cj/,® , C^-^) . 



CiLi 



<Ch'' 



Proof. Points 1 and 2 are proved by integration of the first assumed estimate and 
using 1 < M < |: for ^. 

Point 3 is proved by integration of the first assumed estimate, using 1 — e"'^^ < (s 
for (s < 1 and 1 — e"'^^ < 1 for ^s > 1, 

rM rl ^1/C /■ + 00 

/ (l-e-'^'')min{l,s-''/2}ds<C / s ds + ( s^~^ds+ s-'^/^ ds , 

Jo Jo Ji Ji/c 

which brings the resuh. 

For Point 4, we use the second assumption and /„ se^'^'^ ds < C^^ /„ ue~" du . 

For Point 5, the known estimates for pseudo-differential operators give 



\r^i^hD^,0\\<Ck sup ||a,viLo 



') 



\a\<Nk 

This and the third hypothesis imply the result. 

For Point 6, we would like to choose the (/i-dependent) parameters M and ( 
such that the quantity 



M' 



-CM 



^Vc+hc' + ifye 

is small when h tends to and AI not too big. We choose hM = h°' and ^ = h^ 
with /3-|-a<l, a,/3>0so that the previous quantity is smaller than 

In order to get a small quantity it suffices to require /3 < ■^. Then we get an error 
term whose size is controlled by h'^^°''^\ D 
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Proposition 6.23. The families of operators £/{s) = s:/i{s), ,9§{s) = ^'^(s) and 
^^^ = "T^i satisfy the hypotheses of Proposition 6.22 with 

C^ = Qniax{||G||ii,||G|Ui}, C^,.® = ||M G||^, , C^,<g= = ||(.)' G||^, , 

for some integer k. 

Proof. Point 1 is contained in Proposition 6.20. 

We show Point 2 for £/i and i^i, the proof can be adapted to the case of £/~ 
and .^i. We observe that 

Tpo [^e X j — e T^p-{fi22s7,,o) 

and 

Thus we obtain the estimation 

llfjio (e^^-2e. X ) - {e^'^'^''-'''^e^^^^^^-Y{-hDa)\\ciLl) ^ ^^ l'?l \n\ 
Since the Weyl symbol of ^i(s) is 

i / G(7?)e'^i*e'"(^'^)e-^^"('' '-'«") d77 
2 .Ivd 



we get the estimate with Cy\,^B = j^d G{if) \r]\ Arj. 

For Point 3, the Weyl symbol of /^ ^^(s) e"^^ ds is 

Symb^'^^' / 3§l{s) e-'^' As 
Jo 



G(^)eA'i-e-(^'^) ., , „, , . d77 

= Symb^^''' '^'.''^ + r^^M 
with 

Jr^ M2« (??-^ - 2^.??) + C 

and this expression allows us to get the estimate 



1 



which yields the result with fc + 1 replaced by k. The same proof holds for ^^(s) 
and'^!''^. D 

6.5.4. Estimate of the error term A_.3. 

Proposition 6.24. Let b e C(^{Rl'^^) with Supp^ b C BrX Bi/]^ for some R> 1. 
Let 7 G (0, 1). There exists a constant CG.b,-y > such that, for all C > 0, 

|A-,3| < C^fk{b)CGMn 

for some integer k ^ k (d) big enough. 
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Proof. We recall that 

A.,3^Tr[p'^P''{Qib-Qb)'^{-hD^,^^dTM)] 
so that 

for some mteger k big enough. By recalling Q_{b) = c'' b and Q-{b) = c6 it is then 
sufficient to prove Lemma 6.25 below. D 

Lemma 6.25. For any integer k and 7 in [0, 1), a positive constant Ck^^f^cc exists 
such that for ( e (0, Co) 

sup sup \d^{c<^c)iO\<Ck,^.G.RC- 

|a|<fc|C|e[-R-i.J?J 

Proof With k'», c, c** introduced in Definition 6.5, c^ — c can be expressed as 
(c'^ - c) (0 = / Girj) t^^in^ - 2Cri) dr; - /" G(e + rj) 6{ \7f - \^f ) drj . 
We express the first integral as 



gd-l 






and /j.^(r) -^ ■^r 2 ^(^ + y^w) f [o,+oo)(^)- The partial derivative 

f d-O 

has the same form as the function /^. Then we observe that 

= [(%/«.^) * '^'^ - %/c.^] ( kl' ) + [drifts * ^"^ - /«.-)] ( len 2^, 
so that by doing successive derivations it suffices to deal only with quantities of the 
form d^{d^f^^u: * k!^ — d^f^^ which are in fact of the form d^{f * k^ — /) with / 
satisfying the hypotheses of Lemma 6.26 uniformly in uj so that we get the expected 
control, by integration over ui. D 

Lemma 6.26. Let / : R,. — > K continuous, vanishing on R~, such that f\^+ G 
C°°(Mj) is rapidly decreasing towards +00. Let < r-a^m < ^max- Then 

Proof. We choose A and Ar such that < A < Ar < r,nin/2. Let xi a C°° 
decreasing function such that 

Xi(r)==l if r<A/2 

= if A < r . 

Let /i = xi/ and /2 = (1 - Xi) ./ then 

f * 5'^ = fi * k'- + /2 * K . 
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Since d^ (/2 * k'») = {drh) * ^^ ^ Lemma 6.30 gives, for the second term, 



mf2)*^'~^d^rh\\^^<c,{\\fr\\^+\\fr'^\jc 



We are only interested in r S [rniin,?'max] with < rmin < ?'max when evaluating 
d^{f * k'^). We insert another cutoff function X2 G C^(M) such that 

X2(r)==0 if r<rmin-2Ar 

= 1 if r„iin - Ar < r < r,nax + Ar 

= if r,nax + 2Ar < r 
Then /i * k'^ = /i * X2k'' + /i * (1 — X2) '«'° and our hypotheses on the supports give 
Supp{/i * (1 - X2)k^} C Supp /i + Supp(l - X2) 

C M \ [r„,in - Ar + A, r,„ax + Ar] . 

Since A < Ar we obtain [/i * (1 — X2) n''] L . 1 ~ ^ ^^^^ ^^ *^^'i restrict our- 

selves to the computation of /i * X2k'' . More precisely we want to estimate 

since Y2(^ = and thus fi * y?^ = 0. But the same considerations hold for the 
supports of the derivatives. Thus it is sufficient to observe that we have the control 

sup |9'=k'^| 



/l „* 9,^(X2«'^)||,^ < |l/l|lLi|ia'=(X2^^)||L~ < Wflh^C^, 



L\CS 



r>rn 



-2Ar 



where the sup is controlled by CC with C only dependent on Ar and rmin since 



2d''K^{r)^i''k\- 






Consequently 



^r[fl*X2H 



C 



/i ^ *^, X2S] 



<cc 



and this ends the proof. 

6.5.5. Estimate of the error term A+^a. 



D 



Remark 6.27. Throughout this section we will make definitions that are dependent 
on the value of — . This will not be a problem as long as — < 1 which will be 
satisfied with our choice of e = e (h) ^ h. 

Proposition 6.28. Let b G C^(R^rf^) with Supp^ b d Br\ Bi/r for some R> 1. 
Let 7 G (0, 1). There exists a constant C'cB^-y > such that, for all C > 0, 

|A+,3|<rA4(6)CG,fl,^ 
for some integer k — k{d) big enough. 

Proof Since A+,3 = Tr [pT" {Qi m^ - Q+Mb)^{-hD^,^ - dVM)] we get 



'+,- 



.w, 



\A+^z\<\\{Qiu^b-Q^^u.by\-hD^,^-ATM)\ 
<CkA^fk{Qiu^h-Q^u^b) 
for some integer k ~ k (d) big enough. 
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Thus we boil down to prove that for any integer k > there is a constant Ck,b,G,'y > 
such that for any C > 

^fk{QiMb~Q+Mb)<Ck,Gn■^kib)C■ 

But we have a convenient expression for Q ^^ 



Q'l ^b{x, e) = 27r / G(77) b{x - 2f 77, ^ - 77) ^.^{7^ - 2tv) dr? 

= 27r / G(e - v) b{x - 2f e + 2f r;, 77) «^(r;-2 - 2^77) dr, 

with iy9a;(a;, ^,7') =0 for r < 0, and for r > 0, 

(6.14) if^ix, e, r) = G(e - V^cj) b{x - 2f C + 2f ^fw, V^lj) r^^/^-i 

defined for oj e S''^^ and x, ^ G M^. We also have a convenient expression for Q, htb 
in terms of (pi^ , 

Q+ htbix,^) =71 ip^{x,(,^-'^)duj. 

The conclusion is then given by Lemma 6.29. D 

Lemma 6.29. For any 7 e (0, 1), uniformly in u) £ Sf,""'^, 

UJ [ ^M,^,r)n({r-e)dr~^U^,^,e)) <Ck,G,^C ■ 
Proof. The integral can be expressed as a convolution product 

ipUx,^,r) K'^ir ~ C^)dr = (cpix,^,-) * K'^)iC^) ■ 
Since the derivation behaves well with the difference, i.e. 

it suffices to apply Lemma 6.30. D 



For C > 0, and r e R, let K<{r) = i;-^ 



Lemma 6.30. Let f be a function in the Schwartz class. Then for any 7 £ (0, 1), 
a constant Cy > exists such that 

VC > 0, 11/ * K< - f\\^^. < max{||/||^ , Wf'lU C,C ■ 

Proof. The formula /(ro + C'') ^ /(^o) = C'' /q fi^a + sC,r) ds and an interpolation 
with |/(ro + CO - /(ro)| < 2II/IU give for 7 e [0, 1], 

l/(ro + Cr) /(ro)| < 2max{||/||^ , ||/'||^} C W ■ 

So, for 7 € [0,1), 

[f{ro + Cr) " /(ro)]^| < max{|l/|U, |1/'|U}G^C 
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which is the expected result. D 

7. Comparisons of the measures of an observable at a mesoscopic 

SCALE for the ORIGINAL AND APPROXIMATED DYNAMICS 

Remark 7.1. Let b e C^iRl"^^), p G CiLl and t > 0, 

m{b,pf) = Tr [b'^{~ hD^,(-drM) Pt] , 
m{b,pm = Tr [fe^(- hD^,i- ATM) pT"] ■ 

Definition 7.2. Let b e C^iM.l'^^), p e CiLl a state, t > and x € C^(K^^j) we 
define 

m(6,p,i,x) = Tr[x(dr,(77)) &^(- /li?^, ^ - dr,(r?)) x(dr,(ry)) p,] 

m^PP{b,p,t,x) = Tr [x(dr,(r;)) 6^(- hD^,(^ dTM) x(dre(ry)) p^l • 

Proposition 7.3. Assume —/y/h. Let b € C^iM?^^) non-negative such that Supp^ h C 
Br \ Bi/pi for some R>0, pE CfLl with Tr p < 1 and for j = 1, 2, Xj e Cg°(]R^) 
with values in [0, 1], X]{Bmj) = {1} for Mi = 3R and with X2(R'' - Br+i) = {0}. 
There is a constant CR^h.xi,x2 (which does not depend on p) such that 

K'^ib, (PxJr) - m,ib, p,) <8t = Cn.b.x..x. (h + if/Vhf + £q) 
with py^^ =X2{D^)pX2{Dx). 

We use the decomposition fy = £y -|^ + £y 9 + £y 3 corresponding to the steps: 

(1) mh{b,p^^,t,xi) -■mh{b,pt) < Ej 1 ^ Ch, 

(2) mr(&,Px.:i>Xi) - niH{b,p^,,t,xi) < ^7.2 = Cif/Vhf, 

(3) mh{b, {Px2)7^) - mlP''{b,Px^,t,xi) < ^7.3 = '^6 + C'^- 

7.1. Step 1: Introduction of cutoffs. We introduce cutoff functions both on 
the state p and the Wick observable b^{—hD^,(, — dr£(?/)). 

Proposition 7.4. Let b e C^(M^'^t) non-negative such that Suppj 6 C Bji for 
some R > 0, p E CiL'^, Tip < 1, and, for j = 1,2, Xj G C^(M^) with values 
in [0,1] and XjIBm) = {1} for some Mj > 0. Then there is a constant Cb,xi,x2 
such that 

m{b,Px2i't,Xi) -m(b,pt) < ^7.1 = Cb,xi,x2h 
with p^^ =X2{D^)o pox2{Dx)- 
Proof. Using the functional calculus for the self-adjoint operator dr£(77) and since 

b{x,^^\)>X2{0Hx,i-\)xi{\)X2{0 

> X2{0 f b{x, C - A) xi(A) f X2{0 - Cb,xux2h 
holds uniformly in A, we can write 

b'^{-hD^,^-drM) 

> X2(C) ° b'^i- hD^,^^ dVM) XiidTM) ° X2(C) - a^xi.x^h. 
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And thus 

m(6, pt) = Tr [&^'(- hD^,i~ dVM) Pt] 

> Tr [&^(- hD^,^~ dr,(77)) xi(dr(r,)) p^^J - Ct,^,,^,h 

since [H^,X2] =0. 

7.2. Step 2: Comparison between truncated solutions. 



D 



Proposition 7.5. Suppose ^ < Vh- Let b S Cg°(]R^''^) non-negative, p € CfLl, 
Trp < 1 and x <S C5^(M^) wii/i ?;a/Mes m [0, 1], and x{Bm) = {1} for some M > 0, 
then there is a constant CG,b,x such that 

\3 



Set 

(7.1) 



\m{b,p,t,x)-m-PP{b,p,t,x)\< £7.2 ^CGAx(.f/^y 



b^ = b{-hD^,^-dTM)x{dTM) 



We want to control the error when we consider Tr [b^ pT'^] instead of Tr \b^ p^\ i.e. 
we want to control Tr [b^ ut] with 

(7.2) 



pr- 



Since iedtPt = [-^eiPt] ^^^^ iedtPt 



[H,,p';PP] - [H, - H^PP,p^P% the differ- 



ence Ut is solution of the differential equation 

tedtut = [{^^drMf,ut] + [<i>,{h.e),ut] - [dr,(r;)2 _edrar?^),pr] 

with initial data ut=o = 0. We can then use the integral expression 



Tr [b^ ut]^-i Tr [b^iedtUt] ds . 
" Jo 



Remark 7.6. Let "H be a Hilbert space. li A, B £ C{T-C) and C E Ci{'H), then the 
cyclicty of the trace gives Tr [A[B,C]]= Tr [[A ,B]C]. 

Lemma 7.7. There exists a constant C independent of x such that for b^ and ut 
defined by Equations (7.1) and (1.2), 



(1) i/oTr[6,[(C-dr,(7y))2,^,,,,,]]d. 

(2) \ ll Tr [6^ [dr,(r;)2 - e AV,(j^^) , p-PP 

(3) i^*Tr[&^[$,(A,,),^i,]]ds 






] ds = 0, 



|£ids<C^ 



Proof. For Point 1, let us introduce Xi ^ X (*-e- Xi S C(j" with values in [0, 1] such 
that Xi — 1 oil Suppx) in order to handle only bounded operators: 

Tr[b^[i^-dTMf,u,]] 

= TT[b^[xi{dT,irjm~drMf,^s]] 

= Tr[[b^,Xi{dTM){^^drM)''hs] 

= Tv[x{drM) l{bi^'0,e}{-hD^,^ - dTM)^s] 

= Tr [fx(dr,(77)) {2^.b){-hD^,^- dr,(r;))ii,] . 
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The bound ||x(dre(?7)) (2^.fo)(— hD^,£_ — '^^e('?)) ILl^^fl^ — ^ ^^^ ^ ^™^ integra- 
tion bring 



1 /■* r. r,. .„. .., nn . ^h f* 



Tr[6j(e-dr,(7y))2,u.]]d. 





< C- / Ik.JIr. r2«rr2 d 



s\\CiLi(g)rL 



2 as . 



Then we use that both p^ and p°^^ have the same initial value po ® proj 17 with po 
J2j ^j\'4'o,j){'ipo.j\, Y.J ^j = Trp, Aj > 0, IIV'o.jll = 1 to write 

and then «, = E, A,(|**., - vl'^7)(*,,,| - l^Z^i^f ~ **ol) and 

i 
This and the integral above yield the result. 
For Point 2, let xi >~ Xi 

= Tr [b^ [xiidTM) (dTeivf -edT,{r,')) ,w,]] 
= Tr [[xi(dr,(r/)) (dr,(7;)2 - £dr,(7?2)) ,6J u,] 

which vanishes since [xi(dre(?7)) (^dT^{r])^ — edT^{ri'^)) ,b^] ~0 . 
For Point 3, we have, with A^^ = ^s~ '^7'', 

Taking the modulus we obtain 

+ !!$,(//.,.) &**r1| + ||*e(A,.) *r1 

and we observe that 

max{||ci>,(/,,,)*«J|J<I>,(A,J6^^«||}<C||/,^,||||(e + 7V,)i/2*«|| 
and thus, by the number estimate (4) in Proposition 5.3, 



|Tr[6;,[$e(A,.),"s]]|<q|A^I',||^^||G|U.(Vi+^||A,,|L; 

A time integration gives the result. D 

7.3. Step 3: Release of the truncation on the symbol. 

Proposition 7.8. Let b E C5°(R^.'j) non-negative, such that Suppt b C Bn \ Si/^ 
for some R > 1, p E C{ L^., Tr p < 1, with the support of p in B^_^_^ and x G ^^"(M^) 
with values in [0, 1], xiBsn) ~ {!}- There is a constant CB.,b,x such that 

m'^PPib,p,t,x)-mib,p7n>£7.3 
with Sj ^ = £q + Cii^b,x^, i-e. 
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Proof. We restrict the proof to the case oi p = \t/j) (-01 with ijj e L^ since p is trace 
class, then p^ = |^^''^)(\l/"''^|. We also define a positive symbol bi E C^{M.'f) such 
that Suppfei C [i?"^i?2] and bi{£,'^) > b{x,^). Then 

m{b,prn-m'''"'ib,P,t,x) 

= Tr [ (1 - xidTM))'^' b^{-hD^, ^ - dTM) (1 - X (dr, {tj)))'/' p,] 
< Tr [&r((e - dTMy') (1 - X(dr,(r;))) fef ((C - dr,(r;))-2)p,] + 0(/.) 
with i>tPP{0 = l[o,J\/](l^l) *r^(0 and Supp6i C [R-^,R^]. Then we decompose 






app 



*"7 + *";^2 

.2 



With A = 6f ( (e - dr,{ri)y^ ) (1 - xidTeiv))) b^{ (C - dre(7^))-^ ) > we have the 
estimate 

Tr [A l^f ^) (^;^^''|] < 2 Tr [A |^^,7) (^^.7|] + 2 Tr [A 1*^^) (^^J|] . 

The first term vanishes since 

6r((e - dTM)-') (1 - x(dr,(^)))6f ((c - dTM)-') l*r/)(*t Jl 



Tr 



= Tr 



i[i/2fl,2i?](ICI) 6r((e - dr,(,?))-2) (1 - x(dr,(r,))) 

b^{{C-dTMy')Mi/2Hmm)\^tT)m''\ 



and lel e [l/2R,2Rl |e-dr,(7?)| < i? implies \dT,{7j)\ < 3R and x(-B3fl) = {I}- 
For the second term, 



Tr 



bYii^ - dTM)-') (1 - x(dra^))) bfii^ - dTMy')\KI){K2\ 



< Tr 



fer((^-dr,(^))-2)|.p^j)(vi;3n 



since 1 — xid^eiv)) ^ Id. Then we use the computation of the evolution of a 
symbol of |^p in the case of the approximated equation as in Remark 6.2 to get 
that, since bi ~ fei(ICP) it is unchanged under the evolution, and 



Tr 



'bY{{i~dYMy^f\^7:i)^^7:?\ 



< Tr 



fer((e - dr,(77))-2)^|v.o,2 ® f^)(V'o,2 ® n\ 



which brings the result observing that 



Tr 



bY{i^ - dr,(77))-2)>o,2 ® f^)(0o,2 ® n\ 



Tr 



&r(rri^o,2®^)(^o,: 



J7I 



vanishes since Supp 6i n Supp ^0,2 



D 



8. The derivation of the Boltzmann equation for the model 

Proposition 8.1. Let b E C^{M.'^'^^) with Suppt 6 C B^ \ Bi^^. Let p a state 
and T > then 

liminf (m (i3^(T) b, p) - m(6, p^,^,)) < 

for a fixed a G (|, 1), Ai = At{h) = h" and N{h) At{h) = T. 
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Lemma 8.2. With bt = e*'^e-^*^-^"=6, and the hypotheses of Proposition 8.1, 
m{bAt,p)-m{b,p'lt) 

< C{h + {M/Vhf + (Ai/%//i)'* + At(Ai + h+ {h/M)2^^ + h^')) . 
Proof. We recall that p\^ ~ PlAt/h ^'-' ^^^^ with ^ = At, from Section 7, 

"^(&, (Px2)Ar^) - Mb, p\t) 
= to(&, (Px2)r°^^) - '7i(6, pI) 
<c{h+ {!f/Vhf + {f/Vhy + l!l[f + h+ (e/t)''/2-i + h^') 

<c(h + {At/Vhf + (At/Vh)* + At(At + h + {h/Atf^^-^ + h")) 

and from Section 6 also used with — = At we get 

and this term will be in particular controlled if we control the previous one. Fi- 
nally from the conservation of the support in ^ of the symbol by the approximated 
Boltzmann equation we get 

m{bt,p)-m{bt,p^,)<0{h°°) 

for X2 a cutoff function chosen so that X2{Be) = {I}- 

Thus we fix, for j = 1, 2, two cutoff functions Xj S C^{R'l) with values in [0, 1], 
Xj{BmJ = {1} for Ml = 3R and A/2 = 1 and with X2(K'^ \ Br+i) = {0}. D 

Proof of Propostition 8.1. Let, for fc £ N, At > 0, bk,\t = (e^^^e'^^*^-^^)'' b. Iter- 
ating the estimation of the Lemma N{h) times brings 

m{bN,At,p) ~ m{p,PN{h).eAt/h) 

<CN(h+ {At/Vhf + [At/Vhf + At{yfAt + h + (VAt)2-i+ ^^^ 

with iVAt = T and /i" < -^ = At < 1 for some ae (1/2, 1). Thus we can choose 
At = ^ = /i" and thus N = T/i"". Then we get the estimate 

m{bN,At, P) - m(b, PN.eAt/h) 

< CTh-°'{h + /i3"-3/2 ^ /j4a-2 _^ ;ja(/ja/2 ^ ^ ^ ^(l-a)(d/2-l) _^ /^m)) 

<cro,,^o(i), 

for a e (|, 1). Finally it suffices to prove that 

hm m{bN(h),At(h),p) = m{bT, p) 

which is true since the estimates of Proposition 3.7 prove that, for some con- 
stant C > 0, ||&Ar,At - fcT||£i2 < -^^ □ 
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